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Abstract 

We prove in the cases of spherical, plane and hyperbolic symmetry a 
local in time existence theorem and continuation criteria for cosmological 
solutions of the Einstein- Vlasov-scalar field system, with the sources gen- 
erated by a distribution function and a scalar field, subject to the Vlasov 
and wave equations respectively. This system describes the evolution of 
self-gravitating collisionless matter and scalar waves within the context 
of general relativity. In the case where the only source is a scalar field it 
is shown that a global existence result can be deduced from the general 
theorem. 



1 Introduction 

In the mathematical study of general relativity, one of the main problems is 
to establish the existence and properties of global solutions of the Einstein 
equations coupled to various matter fields such as collisionless matter described 
by the Vlasov equation (see [Q, ^8] f° r reviews) or a scalar field (see [TQ for 
the cosmological case and j^j and references therein for the asymptotically flat 
case). An essential tool in an investigation of this type is a local in time existence 
theorem together with a continuation criterion. In this paper a theorem of this 
kind is proved for one particular choice of matter model. 

In ^21 an d G. Rein obtained cosmological solutions of the Einstein- 
Vlasov system with surface symmetry written in areal coordinates. In [22\ and 
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these results were generalized to the case of non- vanishing cosmological 
constant. In the present paper, we extend the results of J2| on local existence 
and continuation criteria to the case where the source terms of the Einstein 
equations are generated by both a distribution function / of particles, which is 
subject to the Vlasov equation, and a massless scalar field 4>, which is subject 
to the wave equation. 

There are several reasons why it is of interest to look at the case of a scalar 
field. The first is that it is the simplest situation in which wave phenomena can 
be examined in the context of the Einstein- Vlasov system. In surface symmetry 
all wave propagation can be eliminated from the Einstein equations by the use of 
suitable coordinate conditions. This is an analogue of the well-known statement 
that there are no gravitational waves in spherical symmetry. Mathematically 
it means that controlling solutions of the Einstein equations can be reduced to 
controlling solutions of ordinary differential equations in time and in space. The 
Vlasov equation, being a scalar hyperbolic equation of first order, can also easily 
be solved in terms of its characteristics. This was the strategy used in ^3] an d 
[Tl) . In the presence of a cosmological constant it is possible to follow the same 
route. 

The inclusion of a scalar field introduces waves into the system which cannot 
be eliminated. Mathematically this means that it introduces a non-trivial hy- 
perbolic equation, the wave equation. This paper is concerned with symmetric 
situations where there is a symmetry group acting on two-dimensional spacelike 
orbits. This means that the wave equation reduces to an effective equation in 
one space dimension. As a consequence part of the strategy used previously 
can be carried over. That was based on pointwisc estimates and not on integral 
estimates (energy estimates) as is usual in the theory of hyperbolic equations. 
Pointwise estimates for solutions of wave equations in terms of data can be ob- 
tained in one space dimension but not in higher space dimensions (See e.g. the 
discussion in 10 , p. 14.) 

Pointwise estimates for hyperbolic equations in one space dimension can be 
obtained using the method of characteristics. This means that in fact ordinary 
differential equations appear once again but this time they are integrated not at 
a constant value of the spatial or time variable but along characteristics. This 
method will be applied in the following, the characteristics in this case being 
null curves of the spacetime geometry. 

It should be mentioned that there are global existence results in the literature 
where the Einstein- Vlasov system is considered in a context where hyperbolic 
equations play an important role. In fact if we relax the assumptions from sur- 
face symmetry, where there are three local Killing vectors, to the case where 
there are only two local spacelike Killing vectors, then hyperbolic equations nec- 
essarily occur. Some relevant papers are J7|, EL EU- 111 those references no 
direct local existence proof was given. Instead an indirect argument was used. 
First a known local existence theorem for the Einstein- Vlasov equation without 
symmetry was quoted. Then it was shown that coordinates could be introduced 
which are well-adapted to making use of the symmetry when proceeding to ob- 
tain global results. Apart from the methodological interest of having a direct 
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local existence proof, the direct proof gives stronger results concerning the dif- 
ferentiability required of the initial data and obtained for the solutions. This is 
very difficult to control in the indirect method and for this reason the latter has 
only been applied to the case where everything is of infinite differentiability. 

The inclusion of a scalar field can be seen as a step towards certain ques- 
tions of physical interest. In recent years cosmological models with accelerated 
expansion have become a very active research topic in response to new astro- 
nomical observations [21] • The easiest way to obtain models with accelerated 
expansion is to introduce a positive cosmological constant, a possibility studied 
mathematically in [22|, [22| and A more sophisticated way is to introduce a 
scalar field with potential (see section 4.3., [201) I n the present paper 

only a linear scalar field is treated but it is likely that the approach developed 
here will be useful in the nonlinear case. Scalar fields also play a role in the- 
ories of gravity generalizing Einstein's theory, such as the Jordan-Brans-Dicke 
theory. In that case, in contrast to the one considered here, there is a direct 
coupling between the scalar field and the distribution function. The techniques 
developed here could serve as a first step towards the study of these more com- 
plicated situations, which have hardly been looked at mathematically yet. (See 
however |2| and where the coupling of the Vlasov equation to a scalar field of 
the Jordan-Brans-Dicke type in the absence of Einstein gravity is considered.) 

We consider a four-dimensional spacetime manifold M, with local coordi- 
nates (x a ) = (t,x l ) on which x° = t denotes the time and {x l ) the space 
coordinates. Greek indices always run from to 3, and Latin ones from 1 to 3. 
On M, a Lorentzian metric g is given with signature (— , +, +, +). We consider a 
self-gravitating collisionless gas and restrict ourselves to the case where all par- 
ticles have the same rest mass, normalized to 1, and move forward in time. We 
denote by (p a ) the momenta of the particles. The conservation of the quantity 
g a pp a p^ requires that the phase space of the particle is the seven-dimensional 
submanifold 

PM = {g a p V a p li = -1; p° > 0} 

of TM which is coordinatized by (t,x l ,p l ). If the coordinates are such that 
the components goi vanish then the component p° is expressed by the other 
coordinates via 

p° = V^g™^ i + SijPV 

The distribution function of the particles is a non-negative real- valued function 
denoted by /, that is defined on PM. In addition we consider a scalar field <j> 
which is a real- valued function on M. The Einstein- Vlasov-scalar field system 
now reads: 

W + ^/-^VW = o 

V Q V Q = 
G a p — 8nT a p 

m f r I l I dp 1 dp 2 dp 3 , 1 . 

T a p = - / JPaPp g 1 2 h {V a (pVp(p - -g a pv u <p\/ <p) 

J-R3 PO * 
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where p a — g a pP^ , \g\ denotes the modulus of determinant of the metric g a p, 
r^g the Christoffel symbols, G a p the Einstein tensor, and T a p the energy- 
momentum tensor. 

Note that since the contribution of / to the energy-momentum tensor is 
divergence-free [7J, the form of the contribution of the scalar field to the energy- 
momentum tensor determines the field equation for 

In |15j . a definition of spacetimes with spherical, plane and hyperbolic sym- 
metry was given. The spacetime (M, g) is topologically of the form ] 0, oo [ x S 1 x 
S, where S is a 2-sphere, a 2-torus, or a hyperbolic plane, in the case of spherical, 
plane or hyperbolic symmetry respectively. We now consider a solution of the 
Einstein- Vlasov-scalar field system where all unknowns are invariant under one 
of these symmetries and write the Einstein- Vlasov system in areal coordinates. 
The circumstances under which coordinates of this type exist are discussed in 
Pj. The metric g takes the form 

ds 2 = -e 2 ^dt 2 + e 2X ^dr 2 + t 2 (d9 2 + sin 2 6dip 2 ) (1.1) 

where 

!sin# for k = 1 (spherical symmetry); 
1 for k = (plane symmetry); 

sinh 6 for k = — 1 (hyperbolic symmetry) 

t > denotes a time-like coordinate, r G M and (9, ip) range in the domains 
[0, 7r] x [0, 2n], [0, 2tt] x [0, 2tt], [0, oo[x [0, 2tt] respectively, and stand for angular 
coordinates. The functions A and y, are periodic in r with period 1. It has been 
shown in an d 23 that due to the symmetry, / can be written as a function 
of 

t, r, w := eV and F := t 4 [(p 2 ) 2 + sin 2 k 6»(p 3 ) 2 ], 



i.e. / = f(t,r,W,F). In these variables, we have p° = e^^y/l + w 2 + F/t 2 . 
The scalar field is a function of t and r which is periodic in r with period 1. 

We denote by a dot and by a prime the derivatives of the metric components 
and of the scalar field with respect to t and r respectively. After calculation 
and using the results of we can write the complete Einstein- Vlasov-scalar 
field system as follows: 

„n-\ w 



dtf + : M - (Xw + e "-VVl + ™ 2 +FA 2 )9J = (1.2) 

y/ 1 + ur + Fj t 2 

e^{2tX + l) + k = 8nt 2 p (1.3) 

e- 2 ^{2t(i - 1) - k = M 2 p (1.4) 

fi' = -Airte x+ ^j (1.5) 

e- 2 V + M '( M ' - A')) - e- 2 ^(A + (A + \)(\ - ft) = 4nq (1.6) 
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e - 2 V - e~ 2 ^4> - e~^(\ - (i + - e - 2A (A' - M ')0' = (1.7) 
where <|1.7[l is the wave equation in <f> and : 

p(t,r) = e~^T m {t,r) 



p(t,r) =e- 2A T n (i,r) 



j(^) = - e -( A +^T 01 (t,r) = - / / wf(t,r,w,F)dFdw-e-^>cj)<t>' 

t J-oo Jo 

(1.10) 

? (*,r) = |r 9a (t,r) = ^ ? r M (t l r l fi) 

/-oo poo rp 

= - / / /ft, r, to, F)dFdw + e" 2 ^ 2 - e~ 2 V' 

(1.11) 

We are going to study the initial value problem corresponding to this system 
and prescribe initial data at time 4 = 1: 

f(l,r,w,F) = °f(r,w,F), A(l,r)=A(r), = £(r), 

O 

0(1, r) = cj)(r), 0(1, r) = ^>(r) 

The choice £ = 1 is made only for convenience. Analogous results hold in the 
case that data are prescribed on any hypersurface t — to > 0. 

The paper is organized as follows. In section 2, we split the wave equation 
in <j) into a system of two partial differential equations of first order; we use 
it to bound the derivatives of <f> by the solutions of the field equations and 
we introduce an auxiliary system. In section 3, we solve each equation of the 
auxiliary system when the other unknowns are fixed. Next, we prove, using the 
results of J3| , that under some constraints on the initial data, the full system is 
equivalent to the auxiliary system and reduces to a subsystem. Finally we solve 
the constraint equation on the initial data. In section 4, we prove local in time 
existence and uniqueness of solutions in both time directions by iterating the 
solutions of the auxiliary system and we prove continuation criteria. In section 
5 we show that if / = global existence in the future holds when k < 0. 



— / / a/1 + w 2 + F/t 2 f(t, r, w, F)dFdw 

t J-oo JO 



+ i( e - 2 ^ 2 + e- 2 V 2 ) 



(1.8) 



+oo f+oo ,„2 

f(t,r,w,F)dFdw 



TV 

i 2 ./-™ Jo Jl + w 2 + Flt 2 



-oo JO 
1 



+ §(e- 2 ^ 2 + e- 2 V 2 ) 



^/l + w 2 + F/t 2 

(1.9) 



-OO /-+00 
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2 Auxiliary system and preliminary results 

Using characteristic derivatives, we show in this section that the first and second 
derivatives of <p can be bounded in terms of A and \x. 

Lemma 2.1 Let D+ = er^d t + er x d r ; D~ = e~*d t - e~ x d r ; 
X = j>e~» - cj>'e- x ; Y = c^T^ + (j>'e~ x ; 

a= (-A- i)e-^ -fi'e~ x ; b = ; c = (-A - j)e^ + fi'e~ x 

then X , Y are solutions of the system 

D+X = aX + bY (2.1) 



D-Y = bX + cY (2.2) 

Proof: This results from a simple calculation, since equation ljl.7|l is satisfied. □ 
Note that the only derivatives of the metric coefficients which appear in 
these equations are A and \j! and that these are the same ones which appear in 
the Vlasov equation. This fact plays an important role in the proof of the local 
existence theorem. 

The full system above is ovcrdctermined and we will show that a solution 
(/, A, fi, <j>) of the subsystem consisting of equations ljl.2|l . Ijl.HJI . (| 1 - 4|) and (|1.7|l 
solves the remaining equations (|1.5(l and H1.6(l . Notice that such a solution 
determines the right hand side of (|1.5fl which is then a given function say jl. 
Then, since (|1.4|l already provides fj,, an idea introduced in and that we 
will follow here, is to replace \j! in 1|1.2|) and (|1.7|) by an auxiliary function fx, 
which is not assumed a priori to be a derivative, and prove later that, under 
certain conditions, jl is nothing else than fi' . We then introduce the following 
auxiliary system obtained by coupling H1.3(l - I|1.4(l to the equations obtained by 
replacing p! by jl in l|1.2|l . (|1.5|l and (|2.1|I - I2.2II . i.e : 

dtf+ . tL=^== d r f-(\w + e^- x jiy/l + w 2 +F/t 2 )d w f = (2.3) 

y/1 + W 2 + F/t 2 

jl= -4:TTte x+ Vj (2.4) 

and 

D+X = hX + bY (2.5) 



D~Y = bX + cY (2.6) 

Where fi' is substituted by jl in a and c to obtain a and c respectively. We first 
specify the regularity properties which we require. 

Definition 2.2 Let I Q]0, oo[ be an interval and (t, r) € I X R. 

a) f £ C 1 ^ x M 2 x [0,oo[) is regular if f{t,r+ l,w,F) = f(t,r,w,F) for 
(t,r,w,F) e / x R 2 x [0, oo[, / > and supp/(i,r, ., .) is compact uniformly in 
r and locally uniformly in t. 



6 



b) n e C 1 ^ x R) is regw/ar, i/// G C 1 ^ x R) and /i(i,r + 1) = /x(t,r). 

c) AeC'f/ x R) is regw/ar, if X G C l (I X R) and A(t, r + 1) = A(i, r). 

d) ft (or 4>i, 02 j G C 1 (/ x R) is regular, ifjl(t, r + 1) = r). 
p (or p, j, q) £ C 1 (I x R) is regular, if p(t, r + 1) = p(£, r). 

/) G C 2 (I x R) is re^wZar, i/ </>(£, r + 1) = 0(i,r). 

Let us estimate the first and second order derivatives of the scalar field </>, using 
the characteristic curves of (|1.7|) and equations 12.5( 1 and 1(2. 6fl . 

Proposition 2.3 Let 

if = 2sup{| 0(r) | e-'°M + | J (r) |e~ A(r) ; r G R} 

m(t) = sup{| A(t, r) | +- + | /t(i, r) |e^ A ^- r) ; r G R} 

K(t) = sup{(|X| 2 + |F| 2 )%r) ; r G R} 
i/ien if {X, Y) is a solution of }2.5\) and \2.b)) with 

I(l) = e^ r V(r)-e^ (r »J(r) (2.7) 

and / 

Y(l) = e~^ r >V(r) + e- A(r) (r) (2.8) 

i/ien: 

Ifte]T, l],T> 0, we have 

K(t) < K + 3 J m(s)K(s)ds (2.9) 

2)Ift>\ the analogous estimate holds with the limits t and 1 exchanged in the 
integral in f2.yj) . 

Proof: The characteristic curves (t,7i), i — 1,2 of the second order partial 
differential equation (|1.7|) satisfy the differential equation 7, = ±e M ~ A . On 
these characteristic curves, we have from Lemma 2.1 , D + = D~ = e~ M ^j. 
Then $n fy -$T ty become 

|X(t, 7 i(<)) = e"(5X + 6Y)(t, 7l (t)) 
|y(t,7 2 (t)) = e^(6X + cy)(t )7 2W) 

Integrate this system on [i, 1] (or on [1, i]), take the absolute value in each 
equation, add the two inequalities and take the supremum of each term to 
obtain {233 . n 

Next, we obtain by direct calculation, using ((2. 5(1 - 1(2. 6(1 . the following result: 
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Lemma 2.4 Let D + and D be defined as in Lemma 2.1 and define 

Xi = er x d r X, Yi = e- x d r Y ; 

h = (-2A - i)e-" - (£ + »')e- x ; b 2 = ; 

b 3 = -X'e-^- x + (A'A - W ~ p.')e- 2X ; b 4 = (-2A - $) e -" + (A + M')e~ A ; 

6 5 = -A'e-^- A - (A'/t - //// - /i')e~ 2A ; 

J/ AT and y satisfy ]2.5\) and \2. 6)) then X\ and Y\ satisfy 

D+X 1 = biXi + b 2 Y l + b 3 X (2.10) 

D~Yx = b 2 X 1 + b A Y x + b 5 Y (2.11) 
Proposition 2.5 Let K(t) be defined as in Proposition 2.3 and set: 

A = 2sup{[(| I + I m || V IK^ A + (I J" I + I A || J' |)e- 2A ](r) ; rel} 
A(t) = sup{[X 2 + r) ; r £ M} 

«(*) = sup{^ + 2 I A I +(| p. I + I A*' \)e f "- x (t, r) ; r£l} 

&(*) = sup{[| A' I e~ A + (| n 1 || A I + I A' || fi I + I jj \)e»- 2X ](t,r) ; r £ M} 

If in addition to the assumptions of Proposition 2.3 the quantities X\ and Y\ 
satisfy $2.1 (J]) and ]2.11]) and agree with e~ x d r X and e~ x d r Y respectively for 
t = 1 then 

1) If t e]T, 1], T > 0, we have the estimate 

A(t) <A + 3^ (v(s)A(s) + h{s)K{s))ds (2.12) 

If t > 1 the analogous estimate holds with the limits t and 1 exchanged in 
the integral in 12.12]) . 

Proof: Analogous to the proof of Proposition 2.3, using this time Lemma 
2.4.D 

Note that the factor e~ x in the definition of X\ and Y\ is very important. 
Without it the above derivation would not work since the derivative A' would 
occur in b\ and 64. 

3 The reduced system 

We first solve each equation of the auxiliary system introduced in section 2, when 
the other unknowns are fixed (in the form to be used later for the iteration) . In 
order to clarify our statements, we introduce the notations </>i, 4>2 in place of </>, 
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Proposition 3.1 1) Let f, X, p, p, fa-, fa be regular for (t,r) G I x R , 
/ C]0, oo[. Substitute f, X, p, fa fa respectively by f, X, p, fa-, fa in p and p 

o o 

to define p and p. Suppose that 1 G I, f G C 1 (R 2 x [0, oo)), X, p G C 1 (R) cmd 
ore periodic of period 1 m r. Assume that: 

e -2/i(r) i J, g_ /-l 

k+— s 2 p(s,r)ds > 0, (t,r)£/xK (3.1) 

iften i/ie system 

0*/ + ; 9 —prr drf - (Xw + e^Wl + W 2 + F/f 2 )^/ = (3.2) 

yjl + W A + t jt l 

e- 2 ^(2tX + l) + k = 8nt 2 p (3.3) 
e^(2tp -l)-k= 8Trt 2 p (3.4) 

o o 

has a unique regular solution (/, X, p) on I x M wt/i /(l) = /, A(l) = A, 
p(l) = /i. T/iis solution is given by 

f(t, r, w, F) = f((R, W)(l, t, r, w, F), F) (3.5) 
where (R, W) is the solution of the characteristic system: 

fi pfi— •_ - , 

-(r, w) = ( -A™ - e^Wl + ^ + W (3-6) 

as v/1 + w 2 + F/t 2 

satisfying (R, W)(t, t, r, w, F) — (r, w); 

e- 2 ^ = e ~ 2kr) ± k - k + ^ t s 2 p(s, r)ds (3.7) 
t t Jt 

X(t, r) = 4nte 2 »p(t, r) l + k ^ r ) (3 . 8) 

r 1 . 

X(t,r) = A(r) - J X{s,r)ds (3.9) 

If I =]T, 1] (respectively I = [1, T[J mi/i T G [0, 1[ (respectively T g]1, oo[^, i/ien 
£/iere exists some T* G [T, 1] (respectively T* e]1,T]) such that condition 13. 1)) 
holds on \T* , 1] X M (respectively [1, T*[xRJ. T* is independent of p if I —]T, 1], 
whereas it depends on p if I = [1,T[. 

I!j Let X, p, X, p be regular; let C, D be regular as p (see definition 2.2). 

Set 

X = fae-^ l -fae- x , Y = fae-» + fae- x (3.10) 
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and define the operators D + , D as D + , D in Lemma 2.1, with A, fi substituted 

_ o 

respectively by X, /2. Assume that tp S C 1 (R), (p £ C 2 (K) are periodic of period 
1. Then the system 

D+X = C (3.11) 

r>-Y = D (3.12) 

has a unique regular solution (<p\,(p2) such that ((pi, </>2)(l) = {ip,<P )• 

Proof: 1) the proof of this point is the same as that of Proposition 2.4 in |13|. 
The only thing added is the existence of T* we now prove and that will replace 
in the case of local existence, the hypothesis /z < if fc = — lin 13. 

If I =]T, 1]; since p > 0, the left hand side of l|3.1|l is bounded from below by 

h(t, r) = e ' 2 ^ r>+fc - k. like {0, 1}, we have, since \ > 1, h(t, r) > e' 2 ^ > 
and we can take T* = T. If k = — 1, since /i is bounded, there exists (3 > 0, 
such that h(l,r) — e~ 2 ^ r ) > [3. By the continuity of t i— > h(t,r) at t = 1, we 
conclude that: 

3T* G]T,1] such that e " 2 ' l( *' T ' ) > /i(t,r) > |, ie]T*,l] and p > 0. (3.13) 

If / = [1,T[, define h(t,r) to be all the left hand side of l|3.1() and proceed as 
above in the case k = —1, to obtain T* that depends this time on p. 

2) The system H3.llll - H3.12ll in (X, Y) is a first order linear hyperbolic sys- 
tem, and the existence of a unique solution with the prescribed data (X, ^)(1) = 

° I °' ° I °' im 

(e _Al '0 ~ e , e~^ij) + &~ <f> ) is given by a theorem of Friedrichs jjj]. (See also 

the paper of Doughs [Hj where existence of C 1 solutions of hyperbolic systems 
in one space dimension was proved for C 1 initial data in the more general quasi- 
linear case.) We then deduce from the relations (|3.1U|I that define a bijection 
(X, Y) i— > (<pi, tp2), the existence of a unique regular solution (<pi, §2) of l|3.11|l - 

o' 

l|3.12|l such that (</>ii02)(l) = (t/j,<f)). This completes the proof of Proposition 
3.1.D 

In fact, since the equations for X and Y are decoupled, it is not necessary 
to use existence results for hyperbolic systems in the above proof; it suffices to 
solve a parameter-dependent ordinary differential equation. The above proce- 
dure has the advantage that it can easily be generalized to problems where the 
corresponding equations are coupled as they are, for instance, in the case of a 
nonlinear scalar field. 

Now we show that the solution of the subsystem consisting of equations 
(|1.2[1 , l|1.3|l , l|1.4|) and (|1.7|) also satisfies equations 1|1.5[) and l|1.6|l , and that the 
auxiliary system is equivalent to the full system. 

Proposition 3.2 1) Let (/, A,/i, (f) be a regular solution of $1.3\) . \l-4j ) 

and Jj.7| ) on some time interval L £E]0,oo[ with 1 6 J, and let the initial data 
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satisfy )1.5)) for t = 1 with (j),ip <E C l {R), in particular fi S C 2 (R). Then )1.5)) 
and hl.b)) hold for all t G I, in particular /i £ C 2 (/ x 1). 

2) Let (/, A, /x, /i, </>i, (^2) be a, regular solution of equations )2.3)) . $1.3)) . jl.4\ ), 

o o o' 

)2.5)) and )2. b)) with the initial data (/, A, /x, </>i, 2 )(1) = (f,X,fM,1p,(f) ) 
i/iai are as in proposition \3.1\ and satisfy )1.5)) for t = 1 . TTien f/iere exists a 

o 

unique regular function </> satisfying <j){l) — <p, 0(1) = "0 swc/i t/ia£ (/, A, /i, <ft) 

o 

solves the full system 11. 2^1 - 11. 11)) . The function <fi is given by: <j)(t, r) = <fi(r) + 
fx </>i(s,r)ds. 

Proof: 1) Firstly, we prove that (|1.5|) holds. From equations (|1.9|) . i|1.2|) . 

(|1.7|l and integration by parts, it follows that 

t poo p oo „..2 



p'(s,r)s ds = 7T / / / — d r f(s,r,w,F)dFdwds 
1 1 Jo ^l + w 2 +F/s 2 V ' 



+ / (-/i'^e- 2 ^ - AV'V 2A + 0'0e- 2 ^ + 0'0"e- 2A )s 2 ds 



= [-e A -' i i( S ,r) S 2 ]^ t 1 -y (\ + fa)e x -^( S ,r)s 2 ds~ j »'(p + p)(s,r)s 2 ds 

(3.14) 

From equation (|1.4|) . we obtain 

e- 2 ^) = F ^ (r)+fc - fc+ ^ r^Qcfa 

and differentiating this with respect to r, yields: 

^'e~ 2M = £ + 4tt y s 2 p'{s,r)ds (3.15) 

Substituting for the last integral by (|3.14|l , using ljl.3|) and <|1.4|) to replace A + /i 
and assuming the fact that the constraint equation l|1.5|l holds for t = 1 , relation 
H3.15fl implies 

-te 2 ^(p' + 4ire x+t *jt) = 4tt / (p + p)s 2 (/i' + 47re A+ ' i js)ds 



and since the left hand side is zero at t = 1, we obtain 

// + 47rfe A+M j = 

on /, i.c lll.5fl holds for all t £ I. In particular this relation shows that fi is C 2 
with respect to r with 

/i" = (A , + /i , )/i'-47rte A+ ^'. 
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Now we prove that equation (|1.6|) holds. From Ijl.lUfl . I|1.2|) . (|1.7|) and integration 
by parts we obtain the identity 



oo poo 



f(t,r) = -e x -» J J [-^l + w 2 +F/t 2 d t f 

+ (Xw^l + w 2 +F/t 2 + e" - V (1 + w 2 + F/t 2 ))d w f]dFdw 
+ 2 l i'e- {x+ ^^ 1 - e-( A +^0V - e A - 3 ^0 + (A - fi + ^)0 2 ] 

/ V 1 + w 2 + F/t 2 d t fdFdw - \e x -»{p + p- <j> 2 e- 2 >* 

-oo JO 

- ^' 2 P - 2 ^ _ 2/x'j - e -( A +^0V - e- 3 ^ +A (^ - (A - A + -)</> 2 ) 



Since by JlBJ| 

/ y/1 + w 2 + F/t 2 fdFdw 

-oo JO 



7T 



oo JO 
oo poo 



y/l + w 2 + F/t 2 d t fdFdw 



-oo JO 
oo /-oo 



i- 1 f 
, , , (--t) ; = dFdw 
t 2 J-ooJo t 3 ' ^/l + W 2 +F/t 2 



+ e- 2 »(-fi<j> 2 + #) + e- 2A (-A0' 2 + $4f) 

l (-fi4> 2 + #) + e - 2A (-A0' 2 + ft ft) 



- — — 4 rh Z -X- p —'P — i A/ 



t t t 



/ ^/l + w 2 + F/t 2 d t fdFdw ; 

-oo Jo 

From i|1.3fl we obtain 

\(t,r)=^te 2 »p(t,r)- 1 + ke ^ r) 
and differentiating with respect to t yields: 

A = 47re 2 ^ / 9 + 8irtfie 2 L l p + — ^ + 4 7 rfe 2 'V - 

= - 4 7 rge 2 ' 1 + 2\fi + 8tt</> 2 + 4i:t(-pft + ftft) + Ante 2 ^ 2 * (- \<j)> 2 + ft ft) 

2 i-oo ,-oo 

+ 4— e 2 ^ / / Vl + w 2 + F/t 2 d t fdFdw 

t J-oo JO 

Combining all these relations gives the remaining field equation 11.611 . 
2) subtract the two equations (|2.5|I - H2.6J) to obtain 

fa - <t>[ = (£ - n')(h (3.16) 
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Let us first prove that p! — p. Consider equation l|3.15[) and write p = p\ + P2 
where p\ and p2 are the contributions to p made by / and respectively. We 
obtain from |KS| that studies the case = 0, and in which p corresponds to p\ 
here, that we have, using definitions l|1.8|) . I|1.9|l and l|1.10|l of p, p, j : 

« 2 pi(a,r)da = - f\\ + p)e x -»s 2 (j + e'^^ds - [e^s 2 (j + e'^Ml 



p[{ P + p)-{e- 2 ^\ + e- 2X 4>l)]s 2 ds 

Now we obtain, using integration by parts and l|3.16|) that: 

t ,t _ 

s 2 p' 2 (s, r)ds = [s^- 2 "^^ + J [(A + /i)0i0 2 e- 2 " - p{(f> 2 e^ + $e~ 2X )}s 2 ds 

Adding (fO|l and fOjl yields 

X + p = 4Trte 2f *(p + p) (3.17) 
Then, if we use (|3.17|) and the definition (|2.4|) of p, we obtain from (|3.15|) : 

tp' e - 2f * = e~ 2 »{p +4ire x+ ? l j)+tpe~ 2f * for all ie/c]0,oo[, 
Hence, if <|1.5[1 holds for t — 1, then, tp'e~ 2fl — tpe~ 2 ^ and p! = p. 

Now we prove the existence of 0. Define by : 0(£, r) = 4>{r) + L 0i(s, r)ds. 

o 

Then (f)(1) = tfi , 0(1) = 4>i(l) = and = 0i. Now H3.16(l implies, since 

o' 

p' = p, that 2 = (pi, hence the relation 02(1) = 4> implies 0' = 02. 
The relation p' = p also implies that the systems (I2.1ll - H2.2|l and Ij2.5[l - H2.6(l are 
identical. Then a direct calculation, using the fact that (01,02) satisfies the 
system (|2.1|) - (I2.2II shows that satisfies (|1.7|) . □ 

We conclude this section with a proposition dealing with the solvability of 
the constraint equation ljl.5|l for t = 1. Let = e~*- l ij). 

o 

Proposit ion 3.3 Given a function A(r) , a non- negative function f{r,w, F) and 

o 

functions 0(r) and ip{r), all periodic in r and regular, there exists a function 
p(r), periodic in r and regular, such that the constraint equation 



P 



= -4ire x+fi j 



holds for a non-negative function f . It can be assumed that f = f + a$ 7 where 
<f>(r,w,F) is a fixed function, independent of the particular choice of input data, 
and a is a suitable constant. 
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Proof: This can be proved just as in [22], with $ chosen as in that reference. 

□ 

This result shows that it is possible to produce a plentiful supply of initial 
data. It cannot be applied to produce data with / = 0. A way of doing that is 
to adjust tp instead of adjusting /. 



4 Local existence and continuation of solutions 

In this section we prove using an iteration the local existence and uniqueness of 
solutions of the Einstein- Vlasov-scalar field system together with continuation 
criteria. Let us first use the solution (/, A, //, p, (f>i, (f>%) of the auxiliary system 
consisting of the equations 1(2. 3() . (|1.3|l . I|1.4|l . (|2.4() . I|2.5ll and 1)2.6(1. to construct 

° o' ° 

a sequence of iterative solutions as follows. Define p := p , Xo(t 7 r) := A(r), 

o ° °' 

Ho(t,r) := p(r), p {t,r) := p(r), g (t,r) = ip(r), h (t,r) = (j> for t e]0,l], 
rel. If A„_i, jU n _i, p n -i are already defined and regular on ]T*, 1] xl then 
let 

a /j,„-i— A„_i 



G n -i(t,r,w,F) := -- = - ,-A»_ 1 ^-e^-^ A - 1 M n , 1 Vl + w 2 +-FA 2 

Y y/l + W l + Fjt Z 

(4.1) 

and denote by (i? n , W n )(s, t, r, w, F) the solution of the characteristic system 

-r-(-R, W) = G„-i(s, R, W, F) 
as 

with initial data 

{Rn, W n )(t, t, r, to, F) = (r, w); (t, r, to, F) e]0, 1] x I 2 x [0, oo[ ; 
note that F is constant along characteristics. Define 

f n (t,r,w,F) :=°f((R n ,W n )(l,t,r,w,F),F), (4.2) 

that is, /„ is the solution of 

we yi„-i-A„-i . 

dtf n + , = : a t ./»~(A.^ lW +e^- 1 - A "- 1 /Z tt _ 1 Vl + W 2 + FA 2 )^/ Tt = 
^/l + ur + F/^ 

(4.3) 

o 

with /„(1) = /. Define p n , p n , j n , q n by the formulas 1)1.8(1 . 1(1.9(1 . 1(1.10(1 and 
dm with /, A, p, 4>, </>' respectively replaced by f n , A„_i, Mn-ij ffn-ij ^n-i, 
(n > 1). Using Proposition 3.1, 1), define fx n and A„ to be the solutions of 

-la (tr) e- 2 ^ + k , Sn f 1 2 . . , 
e 2 M „(t,r) = / s 2 p„(s,r)ds (4.4) 

c t .It 
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A„(t, r) = Ante^^pnit, r) - + J (4.5) 
f 1 ■ 

X n (t,r) = A(r) - y A„(s,r)ds (4.6) 

and set 

£„(t,r) = -Awte^+^^j^r) (4.7) 

Notice that, by Proposition 3.1, the right hand side of 14.4J1 is positive on ]T*, 1], 
Vn. Now define g n and /i„ using Proposition 3.1, 2) to satisfy the conditions 
that the quantities 

X n — c ^ g n e h n , Y n — e ^ -t- e /i n 

are solutions of the system 

D n -\X n = a n _ 1 X n _ 1 + b n _iY n _i (4.8) 

D-_ x Y n = & n _iX n _! + c„_iF n _i (4.9) 

where D^_ 1: D~_±, a„_i, 6 n _i and c„_i are dehned in the same way as D + , 
D~ , a, b, c (see Lemma 2.1), with /i, A, 0, </>', a, 6, c substituted respectively 
by fj-n-i, A„_i, g„-i, h n -i, a„_i, b„_i, c„_i. Now if and A being defined in 
Propositions 2.3 and 2.5, we introduce the following quantities that are similar 
to those defined in those propositions: 

K n (t) = sup{(^ e -2Mn + h 2 n e- 2X ^(t,r) ;rel} 



A n (t) = sup{e- 2A " [(g' n - ^Sn) 2 ^ 2 ^ + (h' n - \' n h n ) 2 e- 2X «}(t, r) ; r e K} 
m n _i(i) = sup{^ + (| A„_i | + | /t„_i | e^- 1- *— ^(t.r) ;rel} 

< v n _ x {t) = sup{^ + 2 | A n _ a | +(| /in-i I + I /-Ci De^— ^^"Ht.r) ; r e R} 

/3„_l(i) = SU P {[| A^_! | e - *"- 1 + (| Mn-l II I + I A^_ x || £„_! 

+ l/~4 l -il)e^- 1 - 2A "- 1 ](t,r); r 6 M} 

(4.10) 

Now we proceed for H4.8fl ~ H4.9fl the same way as we did for 12.5fl - d2.6fl to establish 
the inequality 12.9fl and we obtain the following analogous inequality: 

K n (t)<K + 3 J m n -i(s)K n ^i(s)ds (4.11) 

We can use If4.8fl - d4.9fl to establish a system for (e~ Xn ^ 1 d r X n , e~ Xn ^ 1 d r Y n ) anal- 
ogous to (f2.1Ufl - (f2.11fi from which we deduce the following inequality which is 
analogous to If2.12fi 

A n (t)<A + 3f (u n _ 1 (s)A n _i(s)+/3 n _ 1 (s)K n _ 1 (s))(is (4.12) 
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Throughout the paper, || . || denotes the L°°-norm on the function space in 

o 

question; we use the fact that by (|4.2|) . || f n {t) | — \\ f || for n E N and 
t e]T*,1]. The numerical constant C may change from line to line and does 
not depend on n or t or the initial data. In order to prove the local existence 
theorem, we prove respectively in the next two propositions: 

- a uniform bound on the momenta in the support of distribution functions /„, 
and a uniform bound of the first derivatives with respect to r of the functions 

fm ^71) ftm 9nj hni 

- the convergence of the iterates. 

o 

Proposition 4.1 We take f as in proposition 3.1 and such that 

supp/ c [0, Wo] x [0, F ], W> > 0, F > 0. (4.13) 

then there exist nonnegative constants Tx,T^ such that the quantities 

Q n (t) = sup{| w |; (r,w,F) E supp/„(i)} for all t E [T x ,l]. 

B n (t) = sup{|| d r f n (s) || +^„_i(s); t < s < 1} /or oM i E [T 2 , 1]. 
and K n (t) are uniformly bounded in n. 

Proof: Firstly we bound Q n (t) and K n (t). On supp f n (t), we have 

v/1 + + F/t 2 < + Ql + ^oA 2 < ^(1 + F )(l + Q n (t)) (4.14) 
and thus 

II PnW II, II Pn(<) ||, II Jn(t) ll< ^(1 + F ) 2 (l + Q n {t)f \\ f || + (F„_ 1 (t)) 2 
From H3.13|l . we have, setting Co = 

e-^"(t,r)>^ (4.15) 

Hence, proceeding as in step 1 of the proof of theorem 3.1 in J3| and using the 
expression for j n , we have : 

r 1 1 

Qn+i(t) < Wo + Ct / -(l + Q„( S )) 2 (l + F„_ 1 ( s )) 2 (l + Q n+1 ( s ))d S (4.16) 
with Ci = ^[(1 + F ) 2 (l+ || / ||). Next we have, using g3J)-g7|) and (|4"T5|) 

X n (s,r) | + | (A„e^ A ")( S ,r) \< d {1 + Qn{s)) \ l + K n ^(s)) 2 (4.17) 

s 

we then deduce from l|4.11[) that 

K n+1 (t) < K + d / (1 + " (S))2 (1 + F„_!(s)) 2 F„(s)ds (4.18) 
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Add pTTSj) and (|4~T%|) to obtain 

r 1 1 

Q n+1 (t)+K n+1 (t) < W +K +d / -(l+Q n (s)) 2 (l+K n _ 1 (s)) 2 (l+Q n+1 (s)+K n (s))d S 

Jt s 

(4.19) 

Now define H n (t) := svp{Q m (t) + K m (t) ; m < n}. (iJ n ) n£ N is an increasing 
sequence. Then, use (|4.19f) and the inequalities obtained by replacing in (|4.19|) , 
n by any m < n, to obtain : 

H n+ i(t) <W + K + d / -(1 + H n+1 (s)) 5 ds 

Jt s 

Let z\ be the left maximal solution of the equation 

f 1 1 

Zl (t) = Wo + K + d / -(1 + Zl {s)fds 
Jt s 

which exists on some interval ]T\, 1] with T\ G [T*, 1[. By comparing the solution 
of the integral inequality with that of the corresponding integral equation it 
follows that 

H n+1 (t) < Zl (t), te]T u l[, neN. 
Since Q n {t) + K n (t) < H n+ i{t), we obtain 

K n (t), Q n (t) < Zl (t), t e]T X) 1[, n G N. 

And all the quantities which were estimated against Q n and K n in the above 
argument are bounded by certain powers of Z\ on ]Ti, 1]. Namely there exists a 
continuous function Ci{£) which depends only on z\ as an increasing function, 
such that 

f || M „(t)||, ||A„(t)||, ||A„(i)||, \\ Pn (t)\\, \\ Pn (t)\\, 

\ || Jn {t) ||, || A„e^- A « ||, || Sn (t) ||, || Kit) II < C 2 (*) 

Now we bound B n (t). Following step 2 of the proof of theorem 3.1 in we 
have, using l)4.20[l . the estimates 

II Pn(t) ||, II ||, II fn{t) II, II IL II ^(t) ||, || KAt) II < C 2 (t)(C 3 +Bn(t)) 

(4.21) 

Wtf^n-K \\< C 2 (t)(C 3 + B n (t)) (4.22) 



II d r f n+1 (t) \\<\\ d (7 , w) f || exp J C 2 (s)(C 3 + B n (s))ds (4.23) 

with C 3 =|| A ll + H /°iV 2 £ || +1. We use (j4~2l7|) . JOTJ, (|4"22|) and relation 
l|4.12|l to obtain 

A n+ i(t) <A +[ C 2 {s){C 3 + B n (s))A n (s)ds 
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Let D n (t) :— sup{A m (t)\m < n} and E n {t) := sup{B m (t)\m < n}. {D n } and 
{E n } are increasing sequences. Therefore 

A n+1 (t) < A Q + J C 2 (s)(C 3 + E n ( s ))D n+1 ( s )ds (4.24) 

then we deduce by replacing n by any m < n in 14.24fl 

D n+1 (t) <A +J^ C 2 (s){C 3 + E n {s))D n+1 (s)ds 

Which gives: 

D„+i(t) < 2A exp / C 2 (s)(C 3 + E n {s))ds (4.25) 



Now add P"23jl - iET25jl to obtain 

B n+1 {t) < {2A + || d r , w f ||) exp J C 2 (s)(C 3 + £ n (s))ds 
and deduce by replacing n by every m < n that: 

< <? 4 exp / C 2 ( S )(C 3 + E n+1 {s))ds 



where C4 = 2A + || d( rw )f ||. Let z 2 be the left maximal solution of 
z 2 (t) = C 4 exp / C 2 (s){C 3 + z 2 (s))ds 



i.e 

z 2 (t) = -C 2 (t)(C 3 + z 2 (t))z 2 {t), z 2 {l) = C 4 ; 
which exists on an interval ]T 2 , 1] C]Ti, 1]. Then we have 

E n+1 {t) < z 2 (t), te]T 2 ,l], «6N 

and so 

A n (t) ,B n {t) < z 2 (t), te]T 2 ,l], neN 

and all the quantities estimated against B n above can be bounded in terms of 
z 2 on ]T 2 , 1], uniformly in n.D 

Remark 4.2 The sequences X n , fi n , f n , /i n e ,ln ~ A ", p„ ; j„, g n , h n , X' n> p! n , 

f'n> 9n' h ' n > ^n, Vn, 9n> h„, X„ , p' n , p' n , j' n , fl n ' , are uniformly bounded in the 
L°° — norm by a function of t on [T* , 1] with T* — ruax(Ti, T 2 ). 

In order to prove the convergence of the iterates in the following proposition, 
we introduce auxiliary variables g n and h n defined by g n — g n e~^ n , 
h n = h n e~ " , for n G N. 
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Proposition 4.3 Let [T3, 1] C [T2, 1], be an arbitrary compact subset on which 
the previous estimates hold. Then on such an interval, the iterates converge 
uniformly. 

Proof: Define for te[T 3 ,l}: 

a n (t) := sup{|| (/„ + i - f n )(s) || + || (g n+1 - g n )(s) \\ + || (h n +i - h n )(s) || 

+ || (A n+1 - A„)(s) || + || {Hn+l - Mn)(s) ||| * < 8 < 1} 

and let C denote a constant which may depend on the functions z\ and Z2 
introduced previously. If we consider the new quantities 

Xn — (f)n+i — 9n) — {h n +i — h n ); Y n — (g n +i — g n ) + (h n +i — h n ), 

then we obtain by subtracting the system 14. 811 - 14. 9f) written for n + 1 and n, 
the new system 

D+X n = a n X n _x + 6 n y„_ x + F„ (4.26) 
D"Y n = 6„X n _i + c n Y n ^ + G n (4.27) 

where 

Fn = (a n — On-i + b n — b n -x)g n -i + (a n -i — a>n + b n — 6 n _i)/i ra _i 
+ (e-' 1 - 1 - e-"»)(§ n - L) + (e- A "- - e^")^ - 

and substitute in F n , h' n and g' n respectively by —h' n and — g' to obtain G n . 
Now let 

0„(i) = sup{| g n+ i - g n | + | /i rl+ i - /i n |; r e R} 
Thus similarly to (|4.11() . we have : 



6 n (t)<3 J (m n _i(a)0 n _i(s) + sup{| F„(s,r) | + | G n {s,r) |; rel})ds 

(4.28) 

Using the mean value theorem to express the differences e~ M " — e - ^™ -1 , 
e~ A ™ — e n_1 and remark 4.2, then (|4.28|l gives 

I gn+l - 9n I + I hn+l - h n \< C J (d! n _l+ | Pn - Mn-1 | + | A„ - A„_i |)(s)ds 

(4.29) 

The expressions of p n , p n , j n yield, using Proposition 4.1, that 

Pn+l - Pn I (t), I Pn+1 ~ Pn \ (t) , \ jn+1 ~ jn \ (t) < Ca n (t) 

From 1)4. 5f) and 1)4. 7|l . we have respectively 

A„ - A„_i I (t) < Ca n -i(t) (4.30) 
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| (t) < Ca n ^(t) (4.31) 
Using the two previous inequalities, (|4.29|) gives 



(| <? n+ i - g n | + | /i n+ i - /i„ \)(t) < C J a n -i{s)ds (4.32) 
By the mean value theorem, (14.4(1 gives : 

li n+ i - fi n \{t)<C J a n (s)ds (4.33) 

1(4.6(1 gives : 



Adding (|Q2|) . flQ3|) . 623, then 



a n {t)<CJ (a n (s) + a n -i(s))ds ; n > 1. 

By Gronwall's inequality a n (t) < C a n _i(s)ds ; 
and by induction 



<*»(*) < C n+1[ - J- < — - /or nSN,t€ [T 3 , 1] 

n\ TV 



ri+1 



(4.34) 



A„+i - A„ | (i) < C y a„(s)ds 
Following step 3 in the proof of theorem 3.1 in |13| . we have 

| (R,W) n+1 - (R,W) n | (l,t,r,w,F) < C j a n ^(s)ds 
This implies using 14.2(1 and the mean value theorem 

I - /„)(*) |< C | | / a n -i(«)ds (4.35) 



Since the series „i converges, we deduce the convergence of ^2 a n which 
implies that a n — > for n — > oo. Every difference term which appears in o/ n , 
converges to zero. We deduce the uniform convergence of 

frit A n , l^m Qni ^n? A n , i^n: l^nt Pni Pn> jn- (4.36) 

And in L 00 -norm, A„ -> A; -> fj,; p, n -+p,; /„-*•/; <?„ -> <?; h n ^ h.D 

It remains to show that the limits g,h,f,X,/j, are C , / solves the Vlasov 
equation ((1.2(1 . A, /i solve the field equations ((1.3() - ((1.4() . and to show the exis- 
tence of function <f> that solves the wave equation ((1.71) . This is the subject of 
the next theorem. 
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Theorem 4.4 (local existence) Let f G C 1 (R 2 x [0, oo[) with 
°f(r + I, w, F) = °f(r, w, F) for (r, w, F) G R 2 x [0, oo[ ; / > 0, and 

o 

Wo := sup{|ti;| | (r, w, F) G supp/} < oo 

o 

F := sup{F|(r, w, F) G supp/} < oo 
Let X,ip <E C 1 (M) ) / O i,0eC 2 (M) with°X(r) = A(r + l), Jj,(r) = fi{r + l), 

o o 

4>{r) = <p(r + 1) and 

Ji(r) = -47re A+ ^j(r), r G K 
T/ien t/iere exists a unique, left maximal, regular solution (/, A, /i, 0) o/ system 

o o o 

with (/, A, /i, 0)(1) = (f,X,n,<p) and 4>(l) = ip on a time interval 
]T, 1] withT e [0, 1[. 

Proof : Consider the sequences of iterates constructed at the begining of this 
section and the limit obtained in the above proposition. We need the uniform 
convergence of the derivatives of these iterates. 

In what follows, we fix T 4 G [T 2 , 1], i G [T 4 , 1], |to| <U, F < F , t < s < 1. 
Step 1: Convergence of (d r f n ) and (d w f n ). 

Following step 4 in the proof of theorem 3.1 in and using H4.36[l . we can 
establish with minor changes, using Proposition 4.1, that if we set: 

=e^-^ s ^dR n (s,t,r,w,F) (4.37) 

ry n (s) = dW n (s) + (y/l + w 2 + F/s 2 e x --^X n )dR n {s) (4.38) 

in which d stands for d r or d w and s i— > (i? n (s), PV„(s)) the indicated solution of 
the characteristic system associated to equation <|4.3[1 in /„, and then: Ve > 0, 
3N G N such that we have, for n > N: 

(I £n+i-£n I + I Vn+i-Vn |)(s) < Ce + C J (| £ n+ i - £„ | + | i] n+1 - t] n \)(t)(1t 

(4.39) 

in which C > stands, as in what follows, for a constant that may change from 
line to line. I|4.39[) implies by Gronwall's lemma, that (£„) and (rj n ) converge 
uniformly. Now, since the transformation (dR n ,dW n ) i— * (£, n ,Vn) defined by 
1)4. 37|) - l(4. 38(1 is invertible with convergent coefficients, this implies the conver- 
gence of d riW (R n , W n ) and, given (|4.2fl . the convergence of (d r f n ) and (d w f n ). 
Step 2 : convergence of (A^), (/^), (^). We set 

7„(f) = sup{|^„ + i - £„|(s) + |?7„ + i - r? n |(s)+ || - aOO) II 

+ II (AUi - ^) 00 II + II - g' n )(s) || + || (/4+i - h' n )(s) || ; t < s < 1} 

(4.40) 
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Now since (p, n ), (fin), (A n ), (,g n ), (ft n ), (p„), (j„) converge uniformly, we take 
the above integer N sufficiently large so that we have for n > N: 

|| (fln+i ~ Hn)(s) ||,|| (jn+l~jn)(s) ||,|| (fin ~ fin-l) («) ||,|| (A„+i - A n )(s) ||, 

II (fln ~ <?n-l)0) ||, || (fr„ - K-l)(s) ||, || - Pn)(s) ||< £ 

(4.41) 

A) Estimation of (A^), (fj,' n ), (fi' n ). We deduce from (|4~37I) - (|Q5|) . taking 9 = d r 
that: 

dRn(s) = e^- x ^ s ^Us) (4.42) 

cW„(s) = r] n (s) - (y/l + w 2 + F/s 2 \ n )Z n (s) (4.43) 
We have, using g2>, <|4~33|) 

II (0 r /«+l - 9 r / n )(s) II <|| a r ,J || (\d r R n+1 - d r R n \ + \d r w n+1 - d r W n \)(s) 
< C || d rt J || (le^+^^+^n+i ~ e^"- A "C n | 

+ |»7n+l _ Vn \ + |A„+lCn+l - A„£„|)(s) 

(4.44) 

l|4.44|l gives, using (|4.41() and since (A„), (p n ), (£n), (A„) are bounded, 

|| (drfn+l - d r f n )(s) \\< C(\Cn+l -&»| + \Vn+i - Vn\)(s) + Ce (4.45) 
Next we have, using (|4.41(l and remark 4.2 : 

\(9nhn)' ~ (9n-ihn-i)'\ < Ce + C(\g' n - g' n -i\ + \h' n ~ (4-46) 
Now using 14.41(1 and the fact that (g n ), (h n ), (g' n ), h' n are bounded, we obtain 

\\{?n + hi)' ~ + h 2 n-i)'\ < C(\~g'n - 9n-l\ + \K - K-i\) + Ce (4.47) 

We then deduce, from the expressions of p n , p n , j n and using 1(4.40(1 . (|4.45() . 

ra . Km . Km 

II {Pn+1 -Pn)(«) II- II (Pn+l -Pn)(s) II, II l^+l \\< Ce + C( ln + 7 „_ 1 )( S ) 

(4.48) 

Concerning (p' n ), we obtain by taking the derivative of (|4.4|l with respect to r, 
subtracting the relations written for n + 1 and n, after using l(4.41|l . ((4.48(1 and 
the fact that p, n , p! n are bounded : 

II (Pn+i -/O00 \\<Ce + C [ (7n-i(r)+7n(r))dr (4.49) 

J s 

Concerning (X' n ), if we take the derivative of 1(4.5(1 with respect to r, we have 
X' n = {Mp' nPn + Antp'Je 2 ^ - k^e 2 ^ (4.50) 
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We first deduce that X n is bounded. Next, subtracting (|4.5U|I written for n+ 1 
and n, we obtain, using l|4.40|l . i|4.41|l . (|4.48() . and since (/x„), (p n ), (Mn) are 
bounded 

II ||<Ce + C(7»-i(*)+7n(*)) (4.51) 

Now, from l|4.6[) . using (|4.51|l and integrating over [s, 1], we obtain : 

|| (A' ,-X'Jis) \\<Ce + C [\ ln ^(T)+ ln (r))dT (4.52) 



We will also need to bound fi' n+1 — pl n . If we take the derivative of (|4.7|l with 
respect to r, we obtain, after subtracting the expressions written for n + 1 and 
n and using l|4"4T)|) . (|PD) . iJOSJl: 

II (AUi "£»)(«) ll< Ce + C( 7 „-i(s)+7n(s)) (4.53) 
B) Estimation of (g' n ), (h' n ). Recall that 



(4.54) 



(4.55) 



Xn Qn h n , Y n g n -\- h n . CL n ( X n \o, ^ f^n^ i 

e~ M " 1 
b n = — ; Cn = (— A„ - ~)e Mn + fi n e 11 

Set 

Cn = d n X n + b n Y n ; C 1 ,! = (A n — /i„)e "'-^n+i + \i n C n + C n 
A, = + c n F„ ; D n = (fx' n - X' n )e-^Y n+1 + p! n D n + D' n 

Then system <|4.8l) - (|4-9[) becomes 

{DnX n+ i = C' n 

If we take the derivative of the above system with respect to r, a direct calcu- 
lation shows that 

D+X' n+l = C n (4.56) 

D-Y n+1 = D n (4.57) 

Consider the following characteristic curves j n , 7^ of the wave operator, starting 
from the point (s, r), i.e for every n, 

in = e A "^" , il = -e A "^" , >£(«) = = ( 4 -58) 

We have D+ = 2e~^"^ on 7* and 15,7 = 2e~ Mn 4 on 7^. We then have, 
integrating 14.56fl over 7* and (|4.57() over 7^, and after subtraction, 

(X' n+1 - X' n )(s) = I j [^^^(t.^W) - e"»C n (r, 7 i(r))]dr (4.59) 
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^/^'^-if^-iW)- 6 ""^^^* (4-60) 

Since e M " and C n are bounded, we have 

| e ""(7 n (T,7i(r))-e^- 1 (7 n _ 1 (T,7^ 1 (T))| < C[|| (e"» -e^-)(r) || 

+ || (<7„ - C„_i)(t) II +|(7 n _ 1 (r, 7 i(r))~^ 1 (r, 7 , 1 1 _ 1 (r))| (4.61) 
+\e^(r, ln (r))-e^(r, ln _ 1 (r))\] 

Now integrating the relation 7^ — 7^_i = e A "~ p ™ — e A »-i~^n-i over j Sj r j yields 

hi-li-i\(r) <Csup{|| (A„ — A„_i)(i) || + || ( M „-Mn-i)(i) ||,T 4 <t<l} 

(4.62) 

we then deduce from (|4.36f) . I|4.62(l . the uniform continuity of (e^ 1 " -1 ), (C n -i) 
over t he compact set K = [T 4 , 1] X (7*([T 4) 1])U7, 1 1 _ 1 ([T 4 , 1])), (|OT|l and gSjl - 
{ODJl, that 

K +1 - <Ce + C j \\ (C„ - C„-i)(r) || dr (4.63) 

K+i - ^|(s) <Ce + C ^ \\ (D n - D n -i)(r) || dr (4.64) 



Therefore, for n sufficiently large, 

I! (#,+1 II' II Ch' n+ i~K)(s) \\<Ce + C J [|| (<7 n - C n _i)(r) || 
+ || (4--D n -i)W ||]dr 

(4.65) 

Now from l|4.55|l . (|4.41|) and the fact that the sequences (A„), (A„), (//„), (/i^) 
are bounded together with their first derivatives, we have 

|| (C n -C n -i) (r) ||< Ce + C(7„_ 2 (r) + 7 „_i(r) +7n(r)) 

and 

|l {b n -b n _ x ){r) ||<Ce + C( 7 „_ 2 (r)+7„_ 1 (r)+ 7 „(r)) 
Therefore, we deduce from l|4.65ll that 

II (9'n + i-9n)^) II > II (h' n+ l-K)(s) \\< Ce + C / 1 (7n-2(r)+ 7 „_ 1 (r)+7 rl (r))dr 



(4.66) 

C) C onver gence of (A^), «), (/^), (/4). Add inequalities ^OS^, JOSjl . fO^ 
and (|4.66|) and take the supremum over s G [t, 1] to obtain using (|4.4U|) 

7»(*) < Ce + C I ( 7n _ 2 (s) + 7„_!(s) + 7n(s))ds (4.67) 
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Define T n (t) — sup{7„ l7 m < n}; then (r„) is an increasing sequence and 14.67f) 
gives 

r„(t) <Ce + c J r n { s )ds 

And by Gronwall's lemma, 

r n (t) < C*e, n > AT, t e [T 4 , 1] 

We then deduce that (r„) converges uniformly to 0, and from (|4.4UI) - (|4.53I) . (A£J, 
(Mw)) (9n)> (Ki)> (An) converge uniformly on [T 4 ,l]. We deduce from system 
<|4.8ll - il4.9[l . the uniform convergence of (g n ) and (h n ). The regularity of /, A, fx, 
g, h (and fi) follows from step 1 and step 2. Therefore g = e^g and h — e x h are 
regular. Note that, using the convergence of the derivatives, we can prove that 
the limit (f,\,[i,jj,,g,h) is a regular solution of (|2.3[1 . (|1.3fl . I|1.4|l . (|2.4I) . I|2.5|) . 
(|2.(j[) and by Proposition 13.21 we conclude the existence of a regular function 
4> such that (/, A, /i, <j>) is a solution of the full system (|1.2|) - (|1.11|) . To end 
this theorem, we prove the uniqueness of the solution. Let Ui ~ (/^, A^, fii,4>i), 
i = 1, 2 be two regular solutions of the Cauchy problem for the same initial data 
° ° ° ° 

(f,\,fi,(f>,ip) at t = 1. Using the fact that Ui is a solution of the system, one 
proceeds similarly as to prove the convergence of iterates to obtain 

a(t) < C a(s)ds 

where 

a(t) = su P {|| A(s) - h{s) || + || Mis) - \ 2 (s) || + || mis) - /i 2 (s) || 
+ II gi(s) - his) II + II Ms) - his) || ; s e [t, l]}, 

with gi = 4>xe-^\ h = ^e^ 2 ; h\ = <f>[e Xl ; h 2 = </> 2 eA2 - We deduce that 
ait) — 0, for t e]0, 1]. This implies that /i = f 2 , Xi = X 2 , /ii = n 2 , .91 = .92 
and hi — h 2 . By Proposition ^. 21 we conclude that </>i — <fi 2 .0 
Let us now prove continuation criteria for t decreasing. 

o o o 

Theorem 4.5 Let (/, A, /x, (/>, i/ 7 ) fre initial data as in theorem 4.4. If k = — 1, 
assume that n < 0. Let (/, A, /i, 0) &e a solution of on a left maximal 

interval of existence ]T, 1] /or which 

sup{ I w |(£, r, w, F) G supp/} < 00 

//sup{(e- 2 ^ 2 +e- 2X (f)' 2 )it,r);t e]T, 1]} < 00 i/ien T = 0. 

Proof : Let if,X,fJ,,jl,g,h) be a left maximal solution of the auxiliary system 
<j!Hj) . (fO|) . ifOjl . (E3J), (|2~B|l with existence interval ]T. 1] . By Proposition 

13.21 there exists <fr such that (/, X,fi, cf>) solves (|1.2f) - (ll.llf) . By assumption 

Q* := sup{|iw||(r,«;,-F) e supp/0), t e]T, 1]} < 00. 



25 



We want to show that T — 0, so let us assume that T > and take t\ G]T, 1 [. We 
will show that the system has a solution with initial data (/(ti), A(f i), /z(ti), 0(ti), 
4>{t\)) prescribed at t = ii which exists on an interval [ti — S,t\] with <5 > 
independent of t\. By moving ii close enough to T this would extend our initial 
solution beyond T, a contradiction to the initial solution being left maximal. 
We have proved in Proposition 14.11 that such a solution exists at least on the 
left maximal existence interval of the solutions (zi, z-i) of 



zi(t) = W(ti) + K(h) + C x I -(1 + z^sffds 

Jt s 



z 2 {t) = C 4 exp 



C 2 (s)(C 3 + z 2 (s))ds 



where 



W{ti) :=Bup{|w||(r,ti;,F) € supp/fa)}, 



K(h) :=sup{(|0 2 |e- 2 " + |^ 2 |e- 2A )'(ti,r) ; r G M}, 



A(^) := sup{[(0' - ^e" 2 " + (0" - AV') 2 e- 2A ](«i,r) ; ret}. 



Ci = ^(1 + Fo) 2 (l+ II /(ti) II) ; Co = inf{e 



-M(tiir). 



el} 



C 3 :=|| e-^'V (*i) II + II A'(ti) || +1 ; C 4 := ^(ti)+ || a ( r,«)/(*i) II 

o 

and C2 is an increasing function of zi. Now W^(ti) < Q* , | /(ti) || = |l / ||, i*b 
is unchanged since F is constant along characteristics, and since t\ < 1, taking 
t = in (|4.4|l shows that: Co(/x(ti)) > Cq(^). Thus there exists a constant 
Mi > such that 

iCi(/(*i),F , M (ti)) < Mi /or i x G]T,1]. 

The expressions of p,p,j, X, jx show since \w\ < Q*j that 

|p(a,r)|, lp(a,r)I, |j(«,r)|, |A(s,r)|, |^- A (s, r)| < C + (K(s)) 2 

Since K{t) is bounded on ]T, 1], we proceed as in step 6 of the proof of theorem 
3.1 in l.'i to prove that di r<w )f is uniformly bounded on ]T, 1]. Let fx' = Jx; 
consider the relations 

fx' = -4nte x+f *j ; fx" = - [(A' + fx')j + j']47rfe A+ ^ (4.68) 
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ku' ° f 

A' = e^^irtp'p + — + iirtp') ; A' = A + / X'{s,r)ds (4.69) 

We bound p' , j' by quantities which depend on d r f and A(s). Since d r f, p and 
j are bounded, we deduce from the above relations that /i", A' and consequently 
v(s) and h(s) (see Proposition 2.5) are bounded each by A(s). Using inequality 
<|2.12[) and the fact that K{s) is bounded, we obtain 

A(t) <A Q + C f {A(s) + l)ds 



And we deduce that A(t) < A* = (1 + A )e c ; t e]T, 1]. Therefore 
D := sup{|| a (ril0) /(t) || +A(t) |f G]T, 1]} < oo. 

From 

M '(t,r) = 4 1 (m (r)e- 2 ^ + 4tt r)s 2 ds) , 

<|4.68[1 . 14.69|) and since K(t) and A(t) are bounded, p' is bounded and we obtain 
a uniform bound C^(p(ti), \{t\)) < M3. Let 2/2 be the left maximal solution of 



2/2 (t) = Dexp 



C 2 *(s)(M 3 +j/ 2 (s))ds 



where depends on y\ in the same way as C± depends on z\. y 2 exists on 
an interval \t\ — ot,tx] with a > independent of t\. If we choose t\ such that 
T > t\ — a then zi is bounded Z2 < yi by construction. In particular, zi exists 
on I G [ti — a, ti], and the proof of the theorem is complete. □ 

We prove in the next theorem, the analogue of theorems 4.4 and 4.5 for 
t > 1. 

o 

Theorem 4.6 Let (/, A, /z, <f>, be initial data as in Theorem \4-4\ Then there 
exists a unique, right maximal, regular solution (f,X,p,cf>) of il.Ofy - fl.ll]) with 

o o o 

(/, A, fx, (p, 0)(1) = (/, A, [X, 4>, ip) on a time interval [1,T[ with T g]1, 00]. If 
sup{| w I \(t,r, w, F) s supp /} < 00; 

sup{e 2 ^ (t ' r) |r el, (6 [1,T[} < 00 

and 

K(t) < 00 

then T = 00. 
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Proof : We give only those parts of the proof which differ from the proof of 
Theorem 14.41 for t < 1. The iterates are defined in the same way as before, 
except that now (|4.4|l is used to define /z„ only on the interval [1,T„[, where 

f e -2hr) g n ft 1 

T n :=sup I t e]l,r n _i[| J 8 p n (s, r)ds >fl,r£R,te [1,t]>, 

[1, T^_i[ being the existence interval of the previous iterates and To = oo. De- 
fine: 

Q n (t) ■= sup{|w|, (r, w, F) G supp/„(t)} , t G [l,T n [ 
E n {t) := sup{se 2M " (s ' r) |r G K, 1 < s < tj 
we obtain the estimates 



y/i + w 2 + F/t 2 < Vl + (Qn(t)) 2 +F Q < (1 + F )(l + Q B (t)); 
|| Pn (t) ||, || ||, || j n (t) ||< ^(1 + Q„(t)) 2 + (^n-i(i)) 2 ; (4.70) 

and 

I e""- A >„(t, r) | + | A„(t,r) |< C*(l + Q„(t)) 2 + (1 + ^„_!(<)) 2 (1 + £„(*)). 
where C* = C(l + ^ ) 2 (1+ II / ID- Thus, we have similarly to (|4~To|) : 



Qn+i(t) <W a + C* j (1 + Q„(s)) 2 (l + £„(s))(l + K„_i(s)) 2 (l + Q„ +1 (s))ds. 

(4.71) 

and similarly to i|4.18ll : 

K n+1 (t)<K + C* f {l + Q n {s)) 2 (l + K n ^(s)) 2 K n (s){l + E n ( S ))ds. (4.72) 



We deduce from the field equation ljl.4|) that 

(2fi n e 2 ^)t = e 2 ^ + ke 4 ^ + ^{te 2 ^) 2 Pn 

Integrating over [1, s] and using integration by parts for the left hand side yields 
the following estimate, since H4.70JI holds, 

E n {t) <\\ e 2 » || +C* ( (1 + Q„(s)) 2 (l + E n (s)) 2 (l + K^^fds. (4.73) 



Reasoning in the same way as in the proof of Proposition 14. II we can say the 
differential inequalities l|4.71|l . (|4.72|) . 14.73|) allow us to estimate Q n , K n and 
E n against the solution z\ , zi and z% of the system 



t 

3/i i „ /„\\2, 



Zl (t) = W Q + C* / {l + z 1 (s)y{l + z 2 (s)y{l + z 3 (s))ds, 



l 
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t 

2/1 , „ /„\\3i 



z 2 (t)=K a + C* / (l + z 1 ( S ))^(l + z 2 ( S )) J ](l + z 3 (s))ds, 



(i) =|| e 2 ' 1 || +C* / (1 + Zl (s)) 2 (l + z 2 (s)) 2 (l + z 3 (s)) 2 ds, 



Z3( 

and in particular T n > T where [1,T[ is the right maximal existence interval 
of (21,22,23). One can now establish a bound on first order derivatives of 
the iterates in the same way as in the proof of Proposition 14.11 and obtains a 
local solution on a right maximal existence interval which is extendible if the 
quantities Q(t) , E(t) =|| e 2 ^ || and K(t) can be bounded.D 

Theorem 4.7 Let (f,X,fj,,(f>) be a right maximal regular solution obtained in 
Theorem \4--b] Assume that 

sup{| w I \(t,r,w, F) 6 supp/} < 00; 

and 

sup{e 2 ^*' r V e R, t 6 [1,T[} < C < 00; 

i/iera T = 00. 

Proof : We deduce from system (|2.1[) - (I2.2[) : 

L>+X 2 = 2aX 2 + 2bX7 

L»^y 2 = 2bXY + 2cY 2 
On the characteristic curves of the wave equation, we obtain 

±X 2 (t, 7l (*)) = 2e"(aX 2 + bXY) (t, 7l (t)) (4.74) 

|y 2 (t, 72 (t)) = 2e»(bXY + cY 2 )(t, l2 (t)) (4.75) 
From 14. 7411 . we have: 

±X 2 (t, 7l (i)) = 2(-A - - \)X 2 2 -^f 

= 8nte 2 ^(j - p)X 2 H X 2 - -X 2 — 

r -l ke 2 ^, , X 2 + F 2 
< ( 1 )X 2 H since j - p < ; 

<(^x 2 + iy 2 )(t, 7l W) 

Since j + p > 0, we deduce as above, from <|4.75[) . the estimate 
jY 2 (t, l2 (t))<(\x 2 + ^Y 2 )(t, l2 (t)) 
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After integrating these two inequalities over [1, t] and taking the maximum over 
space, we obtain : 

K(tf<K{\) 2 + [\l±^)K( S ) 2 d S 
Ji s 

We deduce by GronwalPs lemma that: 

K{t) < K^t 1 ^ , fort e [1,T[ (4.76) 
And we conclude by Theorem 14. 61 that T = oo. □ 



5 Future global existence in a particular case 

In the case k = 1, there is no global existence in the future since this already 
fails without a scalar field, as shown in ^2] and 53 • Now we prove in the special 
case where there is only a scalar field (i.e. / is identically zero), the existence 
of the solution for alH > 1 for k = or k = — 1. 

Theorem 5.1 Suppose that f = and let (X,pi,4>) be a right maximal regular 
solution obtained in Theorem\4--6] T = oo for k = or fc = — 1. 



Proof : we establish a series of estimates which will result in an upper bound 
on /i and will therefore prove that T — oo. Similar estimates were used in 
3 . Unless otherwise specified in what follows constants denoted by C will be 
positive, may depend on the initial data and may change their value from line 
to line. Firstly, integration of l|3.7|l (where p is replaced by p) with respect to t 
and the fact that p is non-negative imply that 



e 2 M (t,r) = 



-l 



(5.1) 

Next let us prove that 

f e" +x p(t,r)dr < Ct, t € [1,T[ (5.2) 
Jo 



A calculation shows that, since fi and j are periodic with respect to r and p = p 

4/ e fl+x p(t,r)dr = ~- [ e" +x \2p + q - p(l + ke 2(1 )} dr 
at J t J Q . . . 

Now q > —2p and q + p > —p so that for k = 0, 



30 



and integrating this inequality with respect to t yields (|5.2I) for k = 0. For 
k = — 1, we have, using (|5.1() : 



</ /' : ..^ ,. . . 1 ' ' 



e> M+x p(t,r)dr = — / e^ +A [2p + q - p(l - e 2f *)] dr 
dt Jo t Jo 



< 



-\ J e» +x (p + q)dr - ^-L- J e^ x pdr 



i r 1 

< - J e fl+x pdr 

Integrating this inequality with respect to t yields (|5.2|) for k = — 1. Using 11.51) . 
the fact that \j\ < p and i|5.2[l we find 

\n(t,r)- fi(t,a)da | =| / / p, / (t,T)drda |< / / T)|dTd<7 
Jo Jo J a Jo Jo 

<47rf [ e tl+x \j(t,T)\dT <4nt [ e M+A p(i, r)dr 
Jo Jo 

that is 

\li(t,r)- [ p(t,a)da \< Ct 2 , t e [1,T[, r e [0,1] (5.3) 
Jo 

Next we show that 

e Mt,r)-A(t,r) < ^ t e [ 1; T [ 5 r 6 [ 0j !]. (5.4) 

Using relations fi — X = Airte 2 ^{p — p) + 1+k t e - , p — p = and l|5.1|l . we obtain 

• 1-1- £p 2 ' i 

^-e^ A = (A - A)e^ A = e»- x + 

~ y t C~kt ! 

and integrating this inequality with respect to t yields l|5.4|) . 

We now estimate the average of /i over the interval [0, 1] which in combination 
with l|5.3(l will yield the desired upper bound on \x. We use (|5.2ll . I|5.4(l the fact 
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that p = p and ke 2 ^ < : 



p(t,r)dr = / p,(r)dr + / / p(s,r)drds 



<C 



f i- I \e 2t *(8irs 2 p + k) + l}drds 
Ji 2s J Q 



1 /"* f 1 f* f 1 fce 2/i 

= C + -lnt + 47T J J se 2 ^pdrds + J J ~l^-drds 



<C +\hxt + ±-K [ f se^- x e^ +x pdrds 
2 Ji Jq 

< C+ -lnt + C ( f s 3 drds 



2 



C+^lnt + Ct 4 



with (|5.3() this implies 

fi(t,r) < C{1 + \nt + t A + t 2 ) <Ct 4 , te [1,T[, re [0,1]. (5.5) 
And we conclude by theorem l4.7l that T = oo.O 

Remark 5.2 we have proven that for initial data as in theorem \4-4\ the corre- 
sponding solution exists for alltG [1, oo[ and satisfies the estimates |5.H|) - f2T7| )- 

In the case k = the wave equation can be reduced to a simple linear 
equation and the result follows from [TBJ. Thus it is the case k = — 1 of this 
theorem which is new. The reduction in the case k = goes as follows. In that 
case the field equations imply that A — fJ, + logt is constant in time. It may, 
however, be dependent on r. Suppose that r is replaced by a new coordinate 
s on the initial hypersurface. Choosing s appropriately makes the transformed 
quantity A — /i + logt constant on the initial hypersurface and hence everywhere. 
Once this transformation has been carried out the wave equation simplifies to 

4 > + t- 1 4>^4>". 
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